Abstract. This paper develops a theory of monoidal categories relative to a braided monoidal category, called augmented monoidal categories. For such categories, balanced bimodules are defined using the formalism of balanced functors. The two main constructions are a relative tensor product of monoidal categories as well as a relative version of the monoidal center, which are Morita dual constructions. A general existence statement for a relative tensor products is derived from the existence of pseudo-colimits.
The subject of this paper is a categorical construction that gives modules over quantum groups (both small and generic) in specific examples -the relative monoidal center Z B pCq. Here C is what is called a B-augmented monoidal category in this paper, for B a braided monoidal category. Further, categorical modules over the relative center are studied. The categorical Morita dual of Z B pCq is shown to be the relative tensor product C B C op .
1.1. Background. The Drinfeld double (or quantum double, [Dri86] ) of a Hopf algebra is a fundamental construction in the field of quantum algebra. An important application is the algebraic construction of classes of three-dimensional topological field theories (TFTs): For example, DijkgraafWitten and Reshetikhin-Turaev TFTs. In the former, the Drinfeld double of a finite group appears [DPR90] and the latter is obtained by studying a quotient of a category of modules over the quantum groups U q pgq [RT91] . This quantum group can either be constructed as a quotient of the Drinfeld double of its Borel Hopf subalgebra [Dri86] , or using a version of the Drinfeld double construction [Maj00, Maj99] , called double bosonization or the braided Drinfeld double.
The center ZpCq of a monoidal category C [Maj91, JS91] provides a interpretation of the Drinfeld double construction. It is a braided monoidal category equivalent to the endomorphism category of the regular bimodule over C, i.e.
ZpCq » Hom C-C pC, Cq, cf. [EGNO15, Section 7.13]. A natural source of monoidal categories are module categories over Hopf algebras H, C " H-Mod. For such categories, an equivalent description of the monoidal center is given by the category In the vision of Crane-Frenkel [CF94] , it is suggested that algebras (and their representation theory) should ultimately be replaced by categories (and their categorical modules) in order to algebraically construct four-dimensional invariants of manifolds. Studying categorical modules over monoidal categories can be seen as a step into this direction.
It was shown in [Ost03a, EGNO15] that categorical modules over the monoidal center ZpCq can be constructed using categorical bimodules over C. In the case where C is a finite k-multitensor category, this construction gives all categorical modules over ZpCq. This finiteness condition holds, for example, for the category H-Mod fd of finite-dimensional modules over a finite-dimensional Hopf algebra H [EGNO15, Section 5.3]. Hence, all categorical modules over DrinpHq-Mod fd are described through this construction.
1.2. Quantum Groups and the Relative Center. The main motivation for this paper stems from the representation theory of the quantum group U q pgq [Dri86, Lus10] and its relation to the monoidal center. The category of Yetter-Drinfeld modules, describing the center of the monoidal category B-Mod of modules over a bialgebra B, can -more generally -be defined for a bialgebra object B in a braided monoidal category B, giving the braided monoidal category B B YDpBq, see [BD98] . The negative nilpotent part B " U q pn´q of U q pgq is naturally such a bialgebra object (in fact, a Hopf algebra object) in the braided monoidal category B " U q ptq-Mod, see e.g. [AS02, Lus10] . Via the duality between U q pn´q and U q pn`q and a result of Majid in [Maj99] , we can view B B YDpBq in this example as the category of U q pgq-modules which have a locally finite u q pn`q-action. This tensor category contains the non-monoidal category O q associated to the quantum group [AM15] , which is an analogue of an important construction in Lie theory [BGG71] .
Motivated by the quantum group example, it is natural to expect the center of the monoidal category C " B-ModpBq to be equivalent to the above category B B YDpBq. However, in this example, ZpCq is a larger category, consisting of certain modules over DrinpU q pb´qq, which is a Hopf algebra defined on the vector space U q pn`q b U q ptq˚b U q ptq b U q pn´q. This algebra contains an additional copy of the dual of the Cartan part U q ptq. Drinfeld takes the quotient by the Hopf ideal identifying U q ptq and U q ptq˚in [Dri86] . In general, for a finite-dimensional braided bialgebra B in a braided monoidal category B " H-Mod, for H a quasi-triangular Hopf algebra, one can use the Radford biproduct (or bosonization) B H [Rad85] and find that ZpCq » B H B H YD » DrinpB Hq-Mod. One main construction of the present paper is a version Z B pCq of the monoidal center relative to a braided monoidal category B. In the case where C " B-ModpBq studied above, we find that Z B pCq » B B YDpBq » Drin H pB˚, Bq-Mod, where Drin H pB˚, Bq is the double bosonization (or braided Drinfeld double) of Majid. Hence the relative monoidal center gives the category of U q pn`q-locally finite weight modules in the example of U q pgq, and thus a refinement of the center construction. For an even root of unity , the relative monoidal center of u pb´q-Mod is equivalent to the category of modules over the small quantum group u pgq. Note that in the case B " Vect k we recover the monoidal center ZpCq.
1.3. Summary of Results. In the spirit of moving from the representation theory of algebras to modules of categories (in this case, monoidal categories), this paper studies the representation theory of the relative monoidal center in the framework of [EGNO15] . After establishing the categorical setup and recalling generalities on categorical modules (Sections 2.1 & 3.1), the relative tensor product of categorical bimodules is reviewed in the generality of finitely cocomplete k-linear categories (Section 3.2 & Appendix A).
The concept of the relative monoidal center from [Lau15] is refined using the language of Bbalanced functors to allow a better study of its categorical modules. For this, B-augmented monoidal categories are introduced in Section 3.3. These can be thought of as categorical analogues of Caugmented C-algebras R over a commutative k-algebra C. Over a B-augmented monoidal category, we can study B-balanced bimodules (Section 3.4). This construction is a categorical analogue of R b C R op -modules, over a C-algebra R. In other words, R-bimodules for which the left and right C-action coincide. Based on this concept, we present two constructions for a B-augmented monoidal category C:
(1) the relative monoidal center Z B pCq, which is defined as Z B pCq " Hom B C-C pC, Cq, i.e. the category of endofunctors of B-balanced bimodule functors of the regular C-bimodule (Section 3.5); (2) the relative tensor product C B C op (Theorem 3.21) which is a monoidal category, generalizing the tensor product of categories of Kelly [Kel05] . The monoidal category C B C op has the universal property that its categorical modules give all B-balanced bimodules over C (Theorem 3.27). We show that there is a natural construction to turn a C-bimodule into a B-balanced C-bimodule.
Theorem 3.42. Restriction along the monoidal functor C C op Ñ C B C op has a left 2-adjoint
This construction is a categorical analogue of restricting a R-R-bimodule to the subspace on which the left and right C-action coincide. Moreover, for any B-augmented monoidal categories C we prove that there is a bifunctor (see Section 3.6)
This gives a way to produce categorical modules over the relative monoidal center from B-balanced C-bimodules. In the finite case, we generalize the result of [EGNO15, Ost03a] that ZpCq and C C op are categorically Morita equivalent to the relative case.
Theorem 3.46. In the case where C and B are finite multitensor categories, the monoidal categories Z B pCq and C B C op are categorically Morita equivalent.
We can specialize these categorical constructions to categories of modules over bialgebras (or Hopf algebras) in a braided monoidal category. The former category is that of Yetter-Drinfeld modules (or crossed modules) in B of [BD98] , while the latter category consists of objects in B that have commuting left and right B-module structures. We further show that for algebra (or coalgebra) objects A in C, the categories A-ModpCq (respectively, A-CoModpCq) give a large supply of categorical modules over the relative monoidal center in Section 4.1.
In Section 4.2, we specialize the setup further, assuming B " H-Mod, for H a quasi-triangular Hopf algebra over a field k.
Corollary 4.4. For Hopf algebras B, C in B " H-Mod with a non-degenerate duality pairing
where C´lf denotes the full subcategory where the C-action is locally finite. For B finite-dimensional,
The Hopf algebra Drin H pC, Bq is the double bosonization of [Maj00, Maj91] and referred to as the braided Drinfeld double here. For the Hopf algebra pB b
cop Bq H see Definition 4.5. Some results of Section 4 relate to results that were obtained in [Lau18] by direct computations. In particular, the Radford-Majid biproduct A B˚is naturally a comodule algebra over the (braided) Drinfeld double of B. Further, these constructions give a natural map inducing 2-cocycles over a (braided) Hopf algebra B to 2-cocycles over its (braided) Drinfeld double.
Applications to the representation theory of quantum groups are included in Sections 4.3 and 4.4. Fix a Cartan datum pI,¨q, denote by g " n´' t ' n`the associated Lie algebra, and let be a primitive even root of unity. Then we derived the following results for the small quantum group. Theorem 4.9. There is an isomorphism of Hopf algebras between Drin u ptq pu pn`q, u pn´qq and u pgq. Thus, there is an equivalence of monoidal categories Z u ptq-Mod pu pb´q-Modq » u pgq-Mod.
Corollary 4.11. Let C " u pb´q-Mod fd and B " u ptq-Mod fd . Then C is B-augmented, and the monoidal categories u pgq-Mod fd and C B C op are categorically Morita equivalent. The latter is equivalent to finite-dimensional modules over a Hopf algebra t pgq (see Definition 4.12).
In [EG09] another approach displays the small quantum group as a Drinfeld double of a quasi-Hopf algebra. In the case were q is a generic parameter, it was shown in [Maj99] that U q pgq is isomorphic as a Hopf algebra to the braided Drinfeld double (or double bosonization) of U q pn´q.
Theorem 4.7. Let B " L-CoMod q , for L the root lattice, and C " U q pn´q-ModpBq. Then the category Z B pCq is equivalent the category U q pgq-Mod
Uqpn`q´lfw of U q pn`q-locally finite weight modules over U q pgq.
The categorical results of this paper show that there exists a bifunctor from C B C op -Mod » T q pgq-Mod w to categorical modules over U q pgq-Mod Uqpn`q´lfw . See Definition 4.8 for the Hopf algebra T q pgq. This result provides a way to construct categorical modules over the latter category. The representation-theoretic applications of these results will be explored further elsewhere.
1.4. Applications to TFT. Monoidal categories are closely connected to the construction of TFTs [TV17] . Working with finite tensor categories and their exact modules, relative tensor products of bimodules appear in the construction of 3-dimensional TFTs with defects [FSS17] . In this context, the relative tensor product of bimodule categories, and (twisted versions of) the monoidal center are studied. This paper generalizes some of the categorical constructions used in this work, motivated by the representation theory of quantum groups, by allowing for more general tensor categories, and using the idea of viewing a monoidal category relative to a braided monoidal category B. Applications to TFTs are expected to be the subject of future work.
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Categorical Setup
2.1. The 2-Category of Finitely Cocomplete Categories. Let k be a field. We say that a category C is k-linear if it is pre-additive and k-enriched [EGNO15, Definition 1.2.2]. We shall work with k-linear categories that are equivalent to small categories and in addition have all finite colimits. This assumption implies that finite biproducts exist and hence C is additive. The existence of finite colimits can, for example, be ensured if C, in addition to finite coproducts, has coequalizers. As primary examples, we may consider the category A-Mod of A-modules, where A is a k-algebra.
The collection of all such k-linear categories with finite colimits forms a 2-category together with k-linear functors, which will automatically preserve all finite biproducts and are required to preserve all finite colimits, together with natural transformations of such functors. The resulting structure is that of a k-linear 2-category, which is denoted by Cat by the construction of a 2-comonad T on Cat k such that its coalgebras are finitely cocomplete k-linear categories, with coalgebra morphisms preserving the finite colimits [BKP89] . Dually to [BKP89, Theorem 2.6], it follows that Cat c k admits pseudo-colimits, taking the 2-category K appearing therein to be the complete and cocomplete 2-category of small k-linear categories Cat k [Kel89] , and T is a 2-comonad such that T -coalgebras are finite cocomplete k-linear categories.
2.2. Notations and Conventions. Throughout this paper, C denotes a monoidal category in Cat c k , with tensor product b " b C : C C Ñ C, associativity isomorphism α : b pb Id C q " ùñ bpId C bq, and unit 1 together with an isomorphism ι : 1 b 1 Ñ 1 such that left and right tensoring by 1 are auto-equivalences of C, see [EGNO15, Definition 2.1.1].
Assumption 2.1. For simplification of the exposition, we will assume that C is strictly associative and unital. That is, pX b Y q b Z " X b pY b Zq and α X,Y,Z " Id for all objects X, Y, Z of C.
, and left and right unitary isomorphisms are given by identities.
The choice to work with a strict monoidal category is justified by Mac Lane's coherence theorem. That is, whenever two objects constructed by applying the tensor product and tensor unit can be identified via two isomorphisms which are combinations of the natural isomorphisms present in the structure of the monoidal category, then these isomorphisms are equal [Mac71, Section VII.2]. If needed, one can insert the associativity (or unitary) isomorphisms in the diagrams in the appropriate places and the statements will remain valid. Note further that by Mac Lane's strictness theorem for monoidal categories [Mac71, Section XI.3], any monoidal category is equivalent (via strong monoidal functors) to a strict monoidal category.
The symbol B will denote a braided monoidal category in Cat c k with braiding Ψ. We also omit the associativity and unitary isomorphisms of B from the notation, treating B as strict. The category B is the same as B but declaring the inverse braiding Ψ´1 to be the braiding.
All functors of monoidal categories are assumed to be strong monoidal. A strong monoidal functor G : C Ñ D comes with a natural isomorphism µ G : b pG Gq " ùñ Gb satisfying a commutative diagram as in [EGNO15, (2.23)] relating the associativity isomorphisms of C and D. In addition, we assume that G is strictly unital. That is, Gp1q " 1, and µ G 1,M , µ G M,1 are both given by identities. We summarize here some notational conventions adapted in this paper for monoidal categories. The symbol b op is used to denote the opposite tensor product given by X b op Y " Y b X. With relation to Kelly's tensor product of categories , we denote pure tensors of pairs of objects X, Y by X b Y . When brackets are missing, we adapt the convention b C before . For a morphism f and an object X in C we write f b X to denote f b Id X . Similarly, when considering natural transformations, we may denote by φ b G the natural transformation φ b Id G .
A main source of examples of monoidal categories will be obtained from a braided bialgebra or Hopf algebra B (see e.g. [Maj00, Definition 9.4.5]). That is, B is a bialgebra or Hopf algebra object in a braided monoidal category B. More explicitly, B comes equipped with the following morphisms in B: a product map m " m B : B b B Ñ B, with unit 1 : I Ñ B, and a coproduct map ∆ " ∆ B : B Ñ B b B, with counit ε : B Ñ I, satisfying the axioms (2.1)-(2.7).
The first two axioms state that B is algebra algebra object in B, and the next two axioms state that B is also a coalgebra object in B. The last three axioms may be rephrased by saying that ∆, and ε are morphisms of algebras in B, or, equivalently, that m, 1 are morphisms of coalgebras in B. Morphisms of bialgebras are morphisms in B which commute with all of these structural maps. If, in addition, there exists an invertible morphism S : B Ñ B in B which is a two-sided convolution inverse to Id B , i.e. mpId B bSq∆ " mpS b Id B q∆ " 1ε, (2.8) then we say B is a Hopf algebra in B. Morphisms of Hopf algebras are required to commute with this antipode S. It is a consequence that S is an anti-algebra morphism in B (see [Maj00,  Fig. 9 .14] for a proof).
We denote the category of algebra objects in B by AlgpBq, and write CoAlgpBq for coalgebras in B, BiAlgpBq for bialgebras, and Hopf pBq for Hopf algebras. Note that while AlgpBq and CoAlgpBq are monoidal categories with the underlying tensor product in B (under use of the braiding), BiAlgpBq and Hopf pBq are not. Given an algebra A in B, we denote the category of left A-modules by A-ModpBq, and right A-modules by Mod-ApBq. Similarly, given a coalgebra C, we write C-CoModpBq and CoMod-CpBq for left and right comodules over C in B.
Balanced Bimodules and the Relative Monoidal Center
This sections contains this paper's main constructions on the level of monoidal categories and their (bi)modules. The main object is the relative monoidal center Z B pCq which is defined here using the concept of B-balanced bimodules, refining the construction from [Lau15] . The Morita dual to this center construction is the monoidal category C B C op , for which an existence statement is provided. All constructions are carried out in the 2-category Cat ùñ ŹpId C Źq satisfying compatibility conditions with the monoidal structure of C. Recalling that we shall treat C as a strict monoidal category, cf. Assumption 2.1, this amounts to the conditions that 1 Ź V " V for any object V of V, and the diagram (3.1)
commutes for any choice of objects M, N, P P C and
A morphism pG, λq : pV, Ź V q ÝÑ pW, Ź W q of left modules over C is a functor G : V Ñ W together with a system of natural isomorphisms
which is natural in X and compatible with the monoidal structure in C as in [EGNO15, Eq. (7.6)]. We write λ X,V " pλ X q V . The compatibility conditions amount to λ 1,V " Id FpV q , and that the
commutes for any objects M, N in C, and V in V.
In other words, the coherent isomorphism λ defines a weakly commuting diagram of functors
Given two morphisms G, H : V Ñ W or C-modules, we can define a 2-morphism τ : G ùñ H to be a natural transformation such that
commutes for any objects M of C and V of V. Hence, we obtain a k-linear 2-category C-Mod. Indeed, given two morphisms of left C-modules G : V Ñ W, H : W Ñ X , the composition HG is a morphism of C-modules with λ HG defined by
The category of C-module morphisms from V to W, denoted by Hom C pV, Wq, contains finite colimits and hence C-Mod is enriched over Cat c k . Remark 3.1. This information can be rephrased as follows: A left module V over C is a k-linear bifunctor Ź V : C ÝÑ Cat c k , where C is viewed as a bicategory with one object, and V is the image of this object. A morphism of left modules over C is now a morphism of bifunctors Ź V ùñ Ź W . This way, 2-morphisms of C-modules correspond to modifications of morphisms of bifunctors.
together with natural isomorphisms
These natural isomorphisms satisfy the coherence condition given by Eq. (3.1), as well as the following Eqs. (3.6)-(3.8) below.
for objects X, Y of C, V of V, and M, N, P of D. In addition, we require 1 Ź V " V , V Ÿ 1 " V , and that
for objects X of C, N of D, and V of V. Definition 3.3. We define the 2-category BiMod C-D as the 2-category of C-D-bimodules in Cat c k using the equivalent description of the data from Proposition 3.2. This amounts to having as objects C-D-bimodules, 1-morphisms in BiMod C-D are given by functors G : V Ñ W together with natural isomorphisms
for objects X of C, N of D, which are coherent with the structural isomorphisms of the modules. That is, diagram (3.2) commutes, in addition to a similar diagram for ρ and ξ:
is required to commute for objects X of C, M, N of D, V of V. Moreover, we require that
Note that given two such morphisms pG, λ G , ρ G q : V Ñ W and pH, λ H , ρ H q : W Ñ X the composition is pHG, λ HG , ρ HG q with λ HG defined in Eq. (3.5) and
In BiMod C-D , a 2-morphism τ : pG, λ G , ρ G q ùñ pH, λ H , ρ H q is a natural transformations commuting with this structure. That is, diagram (3.4) and the diagram
The discussion can be summarized by saying that there is a biequivalence of k-linear 2-categories Definition 3.4. Let V be a right C-module and W a left C-module category. A functor
is called C-balanced if it comes equipped with a system of isomorphisms 
Further, part of the data is a fixed choice of a k-linear functor
such that there are natural isomorphisms
ùñ Id satisfying the adjunction axioms (so that Ψ V,W , Φ V,W form an adjoint equivalence of k-linear categories). It follows that if such a category T exists, then it is unique, up to unique adjoint equivalence of categories. We hence use the notation T " V C W.
It follows from [Sch15, Proposition 3.4] that the tensor product C (if existent in this generality) has the following naturality properties. Given a functor F : V Ñ V 1 of right C-module categories, and G : W Ñ W 1 of left C-module categories, there exists an induced factorization functor
which is unique up to unique isomorphism of functors. This is proved by first observing that the composition functor
is C-balanced, using the C-balancing isomorphism determined by β FpV q,C,GpW q for β the C-balancing isomorphism of T 1 . Further, [Sch15, Proposition 3.4 (1)] gives an isomorphism of morphisms of balanced bimodules φ F,G :
Further, assume given pairs of right (respectively, left) C-module functors F, F 1 : V Ñ V 1 (respectively, G, G 1 : W Ñ W 1 ) and natural transformations α : F ùñ F 1 , β : G ùñ G 1 of such functors, there exists a unique natural transformation
such that the following diagram commutes:
(3.19)
These assignments are functorial to give a bifunctor
The following existence statement is proved in Appendix A.
Theorem 3.6. Let C be a monoidal category with a right C-module V and a left C-module W in Cat
The existence statement of V C W can, in principle, be proved in any cocomplete 2-category which has finite pseudo-colimits. For the 2-category Cat c k of cocomplete k-linear categories, pseudo-colimits exist by [BKP89] .
Corollary 3.8. If V is an C-B-bimodule, and W is a B-D-bimodule, then V B W can be given the structure of an C-D-bimodule.
Proof. Based on the existence statement of V C W in this setup, we can now use [Sch15, Proposition 3.20] to obtain the result. Note that the full structure of the collection of categorical bimodules with relative tensor products is that of a tricategory as detailed in [Sch15, Section 3.2].
We now provide some examples that will be important in the paper. 
A morphism in A-B-ModpBq commutes with both the left A-action and B-action. Similarly, we define the category A-Mod-BpBq and Mod-A-BpBq. In the former, we have a left A-action and a right B-action which commute, where in the later both are right actions.
It in fact follows that A-B-ModpBq is equivalent to A b B-ModpBq in a natural way. However, when working with bialgebras we shall see that A-B-ModpBq can still be monoidal even though A b B is not a bialgebra object in B. 
and X b V is an object in A-B-ModpBq with actions given by Proof. We will prove the statement for A-Mod-BpBq. For the other statements, note that the equivalence B-ModpBq » Mod-B op pBq, where B op has the opposite product mΨ, can be used. The equivalence is given by mapping a left B-module pV, Ź B q to the right B op -module pV, Ź B Ψq. Consider the functor T :
The left A-action is induced on the first tensorand, while the right B-action is induced on the second tensorand. Given a B-balanced functor G : A-ModpBq B Mod-BpBq Ñ T , we obtain a factorization H : A-Mod-BpBq Ñ T by adapting an argument similar to [DSPS18, Theorem 3.3] . Note that the argument used there does not need the functor G to be exact, but rather to preserve colimits in both components. Let X be an object in A-Mod-BpBq. Then X is the coequalizer of the diagram
which consists of morphisms of left A-modules and right B-modules. This diagram exists in A-ModpBq Mod-BpBq. That is, the (non-commuting) diagram
is mapped to it under the canonical functor T from above. Hence, we can define HpXq to be the coequalizer of T applied to the compositions in diagram (3.21). As colimits commute with colimits, the functor H obtained this way will preserve finite colimits.
When more structure is present (for example, an abelian structure), the existence of a universal category describing C-balanced functors is not guaranteed as a category having such structure. For a finite k-tensor category C, it was shown in [DSPS18] that V C W exists as a finite k-linear category, given that V and W are finite. This uses the characterization from [EGNO15, 2.11.6] (and [Ost03b, Theorem 1] for the semisimple case) that finite exact modules are of the form A-ModpCq as right C-modules, for an algebra object A in C.
3.3. Augmented Monoidal Categories. We want to work with monoidal categories that are augmented by a braided monoidal category B. This notion is a categorical analogue of a C-algebra over a commutative ring C which is also C-augmented. 
such that for any objects V of B and X of C,
That is, σ descents to Ψ under F. Equivalently, the following diagrams commute for any objects X or C and V of B
(3.24)
The natural isomorphisms are required to be coherent with the structure of C and B. That is, the following diagrams commute for any objects
The last condition states that τ is a morphism of monoidal functors, cf. [EGNO15, Definition 2.4.8].
Moreover, we require that for any objects X of C and V of B,
A monoidal functor of B-augmented monoidal categories G : C Ñ D is a monoidal functor such that the there exists isomorphisms of monoidal functors
Further, the compatibility condition that the diagrams
commute for all objects X of C, V of B is required. In particular,
We define the k-linear 2-category MonCat B of B-augmented categories of C as having Baugmented monoidal functors as 1-morphisms, and all monoidal natural transformations as 2-morphisms. Note that given two functors G : C Ñ D, H : D Ñ O of B-augmented monoidal categories, the composition HG is a functor of B-augmented monoidal categories with the natural isomorphisms given by
Example 3.13. Every monoidal category in Cat c k which is complete under arbitrary countable biproducts is Vect k -augmented for the category of k-vector spaces. For example, for a bialgebra B over k, B-Mod gives such a category.
Example 3.14. If C is a B-augmented monoidal category, then C op is B-augmented. The isomorphism σ op : b op pId C Tq " ùñ pb op q op pId C Tq is taken to be σ´1.
Example 3.15. Let B be a braided monoidal category. Then B is B-augmented, with F " Id B , T " Id B , and τ " Id, σ " Ψ, the braiding. The next lemma generalizes this example and clarifies the relation to braided monoidal categories.
Lemma 3.16. If C is braided monoidal and both F, T are functors of braided monoidal categories, such that τ is an isomorphism of monoidal functors, then C can be given the structure of a Baugmented monoidal category.
Proof. If C is braided monoidal, and F, T are compatible with the braided monoidal structure as in [EGNO15, Definition 8.1.7], and τ is a morphism of monoidal functors, then Eq. (3.27) holds by assumption. Setting 
Graphical calculus, as in [Lau18] , which is inspired by that used in [Maj94] , is helpful for computations in B-ModpBq. For example, the tensor product of modules is depictured as
Here, Ψ " denotes the braiding in B, ∆ " denotes the coproduct of B, and Ź " : BbV Ñ V denotes a left coaction of B on V .
The monoidal category B-ModpBq is B-augmented, using the forgetful functor F mapping a left B-module to the underlying object in B, and defining TpV q to be the trivial B-module V triv , using the trivial action a triv " ε b Id V via the counit ε. Then σ X,V :" TpΨ FpXq,V q is a natural isomorphism as required, for X in B-ModpBq and V in B. For this, we check that TpΨ FpXq,V q in fact is a morphism X b V triv Ñ V triv b X of left B-modules in B. Indeed, this follows from
Here, the isomorphism τ : FT "
ùñ Id consists of identity morphisms. A morphism of bialgebras B Ñ C in B induces a functor of B-augmented monoidal categories C-ModpBq Ñ B-ModpBq, where the natural isomorphisms θ and φ both consist of identities.
Note the subtlety that the category of right B-modules Mod-BpBq is B-augmented, rather than B-augmented.
Example 3.18. Dually, we can define B-CoModpBq using left comodules instead of module. This category is B-augmented, while right B-comodules CoMod-BpBq yield a B-augmented monoidal category.
In the case of C " H-ModpBq for a Hopf algebra in B we will require the following equivalence for the B-augmented monoidal category with opposite tensor product.
Lemma 3.19. Let H be a Hopf algebra object in B with invertible antipode. There is an equivalence of B-augmented monoidal categories pH-ModpBqq op » Mod-HpBq.
Proof. Consider the equivalence of categories given by the functors
Using graphical calculus as above, the associated right and left actions are
It is an exercise to check that the functors Φ, Φ 1 give an equivalence of categories. We have to verify that Φ is a functor of monoidal categories pH-ModpBqq op Ñ Mod-HpBq. Indeed, we can use the
That is, we need to verify the following functional equation
Thus, we obtain an equivalence of monoidal categories. It is easily checked that τ , σ are compatible with the monoidal functors. The natural isomorphisms φ, θ are all defined as identities in the underlying category B.
Lemma 3.20. Let C be a B-augmented monoidal category which is braided s.t. the structural functors F C , T C are compatible with the braiding, and D a C-augmented monoidal category. Then D is also a B-augmented monoidal category.
Theorem 3.21. If C, D are B-augmented (rigid) monoidal categories, then the B-balanced tensor product C B D is a (rigid) monoidal category.
Proof. Note that pCat c k , q is a monoidal category. In the proof, we work with different bracketing of iterated Kelly tensor products . For these, we chose a (coherent) set of natural isomorphisms between different ways of bracketing. We will however omit these from the notation for reasons of simplification of the exposition.
Note that there exist a swap functor τ : C D Ñ D C, and we observe that the composite
factors (up to natural isomorphism) through a functor
To demonstrate this, denote the balancing of the functor C : 
The inner diagrams commute using Eqs. (3.16), (3.26), naturality of η applied to σ´1 N,V as well as the definition of η XbY . Hence, we obtain a factorization through C B D, which is the endo-functor of C B D denoted by R XbY . By completion under biproducts this gives a functor
Using the symmetric closed structure from [Kel05, Section 6.5] we obtain a functor
We claim that the functor R is one of balanced bimodules (in the rightmost -product). Indeed, we may use the composite natural isomorphism
It follows very similarly to before that η R satisfies Eqs. (3.16) and (3.17). Hence we obtain a factorization through pC B Dq pC B Dq, denoted by b C B D , as stated. As such, it is unique up to unique natural isomorphism by the universal property.
To proof that b C B D provides a monoidal structure now follows by use of the functoriality properties of B as detailed after Definition 3.5. This way, we obtain the functors
as factorization via the universal property of B . However, using that C, D are strict monoidal categories, these are factorization of the same balanced functor through canonically isomorphic (iterated) relative tensor products. Hence the functors are isomorphic via a unique natural isomorphism. Uniqueness of the induced natural isomorphism ensures coherence, thus giving a monoidal structure. If C and D are rigid, the so is C D. As a monoidal functor, the canonical factorization functor C D Ñ C B D preserves duals. As this functor is essentially surjective, duals exit in the latter category.
Note that one can similarly prove a variation of Theorem 3.21 where C is B-augmented and D is B-augmented as the inverse σ´1 also satisfies b-compatibility. In particular, given a B-augmented monoidal category C, then C B C op is a monoidal category. 
of braided monoidal categories together with isomorphisms of monoidal functors
then C B D is a braided monoidal category.
Proof. We may equip both C and D with the structure of a B-augmented monoidal category using Lemma 3.16. It then follows that C B D is a monoidal category using Proposition 3.21. It is directly verified that if C, D are braided with braidings Ψ C , Ψ D , then Ψ C Ψ D defines a braiding on C D, which under application of the functor B B descents to a braiding on C D by essential surjectivity.
Note that for braided fusion categories, a similar construction as obtained in Corollary 3.22 has been carried out in [Gre13a] . To conclude this section, we shall examine some examples of representation-theoretic nature.
Example 3.23. Let B P Hopf pBq, and consider C " B-ModpBq as a B-augmented monoidal category as in Example 3.17. It was shown in Proposition 3.11 that C B C op is equivalent to B-Mod-BpBq as a B-bimodule category. The tensor product on the latter category is given by pV b W, Ź V bW , Ÿ V bW q, where
for pV, Ź V , Ÿ V q, pW, Ź W , Ÿ W q objects of B-Mod-BpBq, and accordingly for morphisms. Recall the equivalence of B-augmented monoidal categories Mod-BpBq » pB-ModpBqq op " C op from Lemma 3.19. By Theorem 3.21, the category C B C op has the structure of a monoidal category which is equivalent, under the equivalence from Proposition 3.11, to the monoidal structure on B-Mod-BpBq described above.
Balanced Categorical
satisfying the coherence condition that the diagrams (3.40) and (3.41) commute for any objects V of V, X, Y of B, M of C, and N of D:
(3.41)
In addition, we require
commutes for all objects V of V and X of B.
A 2-morphism of B-balanced C-D-bimodules is just a 2-morphism of C-D-bimodules. This way, we obtain the 2-category BiMod If we interpret the concept of a B-augmented monoidal category as a categorical analogue of the concept of a C-augmented C-algebra R, over a commutative ring C, then B-balanced bimodules are the categorical analogue of an R-bimodule such that the left and right C-action coincide.
A large supply of examples of B-balanced bimodules will be constructed in Proposition 3.41. 
Moreover, a morphism of B-balanced C-bimodules pG, πq : pV, Ź V q Ñ pW, Ź W q is a morphism of bimodules such that the natural isomorphism π in 
It then follows that η satisfies Condition (3.16) of a B-balancing isomorphism using Condition (3.40), naturality, and coherence conditions of the bimodule structure from Eqs. (3.6)-(3.8).
Now we define
Next, we observe that η 1,X,V,1 " β´1 V,X , and the very definition of η M,X,V,N implies that
The second condition, Equation (3.45), can also first verified if M b N " 1 b 1. In this case, it precisely reduces to Equation (3.41). Again, using that µ Ź is compatible with tensor products, the general case follows.
One further checks that given a morphism of B-balanced bimodules G, by the compatibility condition of Eq. (3.43) together with compatibility with the bimodule structures, G is compatible with the balancing isomorphism η in the sense of Eq. (3.16). This amounts to commutativity of the diagram 
It is a morphism of B-balanced functors using that G satisfies the condition of Eq. (3.43).
Conversely, given Ź V as in the statement of the proposition, we define β V,X :" η´1 1,X,1,V . It is readily verified that the two functors described give an equivalence of categories.
Conditions
Lemma 3.26. If C is a B-augmented monoidal category, then the regular bimodule on C is a B-balanced bimodule over C.
Proof. The natural isomorphism σ which is part of the definition of a B-augmented monoidal category provides a B-balancing for the regular module. 
ùñ Źb is an isomorphism of B-balanced functors which are defined from C D op C D op to End k pVq, and the B-balancing is defined in the last -product. Here, the balancing isomorphisms are given by
for Ź Ź, respectively, Ź b. Condition (3.44) gives that µ Ź indeed is a morphism of B-balanced functors, satisfying the diagram (3.18). Hence, by the universal property of the relative tensor product, there exists an isomorphism of the factorizations through C D op C B D op . By uniqueness of the factorization, the coherences of µ Ź making Ź a monoidal functor also hold for the factorization. Second, the induced functors Ź Ź, Ź b :
k pVq from the first step are also a B-balanced functors in the first -tensor product. Here, we use the images of the balancing isomorphisms
Condition (3.45) gives that µ Ź is a morphism of B-balanced functors with respect to these Bbalancing isomorphisms. Hence, again by the universal property, we obtain a natural isomorphism on the factorizations through pC D op q pC B D op q, which is coherent by uniqueness. Thus, there is a monoidal functor pŹ, µ Ź q : An object in Z B pCq is a morphism of C-bimodules φ : C Ñ C commuting, as in Equation (3.43), with the B-balancing isomorphisms. As the B-balancing isomorphisms on C are given by the B-augmentation, cf. Example 3.26, the requirement is equivalent to φ commuting the the Baugmentation, i.e. Proof. By definition, Z B pCq is a strict monoidal category with respect to composition of functors.
This monoidal category is braided, using the braiding Ψ G,H,V defined by the composition
The hexagon axioms of a braided monoidal category, cf. [EGNO15, Definition 8.1.1], follow by the definition of λ GH and ρ GH as above. There is a monoidal functor F : Z B pCq Ñ C mapping G to Gp1q which is monoidal. An isomorphism µ F is given by the composition of natural isomorphisms
The naturality square as in [EGNO15, Eq. (2.23)] necessary to make pF, µq a monoidal functor follows from Eq. (3.11).
We will prove that Z B pCq is rigid provided that C is rigid after Proposition 3.34.
Example 3.30.
(1) If B " Vect k , and C has countable biproducts, as in Example 3.13, then Z B pCq " ZpCq is equivalent to the monoidal center from [Maj91] (in the case of the identity functor). (2) If C is a braided B-augmented monoidal category as in Lemma 3.16, then there exists a functor of B-augmented monoidal categories C Ñ Z B pCq which is a right inverse to the forgetful functor. It is defined by mapping M to the functor M b p´q of left tensoring by M , which is in the center using the braiding of C.
Remark 3.31. Note that the definition of the relative monoidal center in [Lau15] is a slightly different one, which is, in general, not equivalent. There, the goal was to use a set of assumptions in order to recover the category ùñ Id C bV is a natural isomorphism satisfying that (i) for two objects M, N of C, the diagram
(3.50) commutes (tensor product compatibility);
(ii) Any object pV, cq satisfies that for any object X of B, we have c TpCq " σ V,C , (compatibility with augmentation). (3.51) A morphisms φ : pV, cq Ñ pW, dq in Isom
commutes for any object M of C. We recall that the tensor product of pV, c V q and pW, c W q is defined as pV b W, c V bW q, where c V bW is defined to make the diagram
(3.53) commute for any object X of C. Note that Equation (3.51) for pV b W, c V bW q translates to diagram in Eq. (3.25), which holds as C is B-augmented monoidal.
Also recall that a braiding Ψ pV,c V q,pW,c W q : pV b W, c V bW q " ÝÑ pW b V, c W bV q is defined by Ψ pV,c V q,pW,c W q " c V W . This is an isomorphism in Isom b B pC b Id C , Id C bCq using b-compatibility from Eq. (3.50) and naturality of c V applied to c W X , for any object X in C. The braiding axioms also follow from Eq. (3.50). Given an object φ : C Ñ C in Z B pCq, consider the pair pV φ , c φ q, where V φ " φp1q and c φ X , for an object X of C, is given by the composition
We have to check that c φ thus defined satisfies the tensor compatibility condition from Eq. (3.50). This follows from the diagrams in Eqs. (3.2), (3.11), and (3.12), which, as the isomorphisms χ, ξ, ζ are identities for the regular bimodule (in the strict case), make the following diagram commute:
Further, Eq. (3.48) implies that
That is, the compatibility conditions of Eq. (3.51) hold. This constructions extends to a k-linear functor Υ from Z B pCq to Isom b B pC b Id C , Id C bCq by sending a morphism θ : φ ñ ψ to Υpθq " θ 1 . It follows that Υ is a functor of monoidal categories, using the same structural isomorphism µ as in Eq. (3.49). By construction, this monoidal functor commutes with the braiding.
Conversely, given an object pV, cq in Isom b B pC bId C , Id C bCq, we construct a morphism φ V : C Ñ C of B-balanced C-bimodules by setting φ V pM q " M b V . The structural isomorphisms needed for φ V to be morphism of C-bimodules are given by λ " Id and ρ M,N " M b c´1 N . It follows, by construction, that the functor φ V is a morphism of B-balanced bimodules. In particular, it satisfies Eq. (3.48):
The assignment pV, cq Þ Ñ ΦpV, cq :" φ V extends to a functor Φ by setting Φpαq M :" M b α, which gives a 2-morphism of B-balanced bimodules. A direct verification shows that the functors Υ and Φ form an equivalence of categories as claimed.
We can now prove that Z B pCq is rigid (i.e. has left duals, see e.g [Maj00, Definition 9.3.1]), provided that C is rigid. Equivalently, we can prove that Isom b B pC b Id C , Id C bCq is rigid. Given an object pV, cq, the left dual is defined as pV˚, c˚q, where
Here, coev V : k Ñ V b V˚, ev V : V˚b V Ñ k are the structural maps making V˚the left dual of V (cf. [Maj00, Definition 9.3.1]). It follows that pV˚, c˚q defines an object in Isom b pC b Id C , Id C bCq, and we have to verify Eq. (3.51). If M " TpXq, then c´1 TpXq " σ´1 V,X and we have to show that cT pXq " σ V˚,X . This follows, using uniqueness of the inverse, from
which is derived from Eq. (3.25) and naturality of σ´, X applied to ev V and coev V .
Example 3.35. Let B P BiAlgpBq. We define the category For a Hopf algebra H in B, a partial dual was defined and the category H H YDpBq was shown to be equivalent to YD modules over its partial dual in [BLS15] . Proof. We will construct an equivalence of braided monoidal categories
Given an object pV, cq, define ΦpV, cq " V with its B-module structure Ź : B b V Ñ V . The morphism
where B P B-ModpBq has the regular B-module structure, defines a B-coaction on V . Indeed,
where the last equality uses that ∆ B is a morphism of B-modules, which holds by the bialgebra axiom from Eq. (2.5). Moreover, V becomes a Yetter-Drinfeld module in B. This follows from c B being a morphism of B-modules, combined with the fact that the product map m B : B b B triv Ñ B is a morphism of left B-modules:
The last equality uses that B-ModpBq is a B-augmented braided monoidal category as in Example 3.17, with augmentation c B triv " σ V,B " Ψ V,B .
A morphism in Isom 
shows that the functor Φ is monoidal. Here, we again use that the map m B : B b B triv Ñ B is a morphism of left B-modules. Moreover, it follows that
is a morphism of left B-modules in B and applying naturality to it. Hence, Φ is a functor of braided monoidal categories.
An inverse to Φ can be constructed using the last calculation which is valid even if W is any B-module -not necessarily coming from an object pW, dq. It shows that c W can be recovered from δ c . Hence, we obtain an equivalence of categories as stated. Note that B B YDpBq is in general not B-augmented. The trivial Yetter-Drinfeld module structure can only be defined on objects of B for which the braiding squares to the identity. However, this only holds for all objects of B if B is symmetric monoidal. Hence the monoidal center Z B pCq for C a B-augmented monoidal category is not B-augmented, in general.
We further note that [Gre13b] provides a result in which a different object is referred to as the relative center -the center of a bimodule category V over C. It is shown there that this center is equivalent to Hom C C op pC, Vq. This category is naturally a categorical module over ZpCq, but not monoidal.
3.6. Modules over the Relative Monoidal Center. We observe that there are two natural ways to produce categorical modules over Z B pCq. The following Lemma summarizes the two constructions. Proof. We construct V B :" Isom b pV Ÿ T, T Ź Vq as a B-balanced bimodule. Since C is B-augmented, this category becomes a C-bimodule. The left action X Ź pV, φq is the pair pX Ź V, X Ź φq, where X Ź φ is the composition
The right action pV, φq Ÿ X is the pair pV Ÿ X, φ Ÿ Xq, where φ Ÿ X is the composition
The structural isomorphisms χ, ξ, ζ for V B can be taken to be the corresponding isomorphisms coming from the C-bimodule structure of V. We first have to verify that these are morphisms in V B . This follows using b-compatibility of σ and φ, combined with the coherence of V as an C-bimodule. To demonstrate this idea, we prove the property that for any objects M, N of C, χ M,N,V is a morphism in V B . That is, we have to verify commutativity of the diagram
This follows from the calculation
The first equality is the definition of pM b N Ź φq. In the second equality we use Eq. (3.25) and Eq. (3.1). The third equality applies naturality of χ to the morphism σ M,X in the second b-component, and then uses naturality of χ applied to σ N,X (under application of Eq. (3.1)). Again under application of the left module coherence and Eq. (3.8), the forth equality applies naturality of χ to φ X . The last two equalities follows by definition of M Ź pN Ź φq. Next, we check that V is a B-balanced C-bimodule. This follows using the natural isomorphism
The isomorphism β defined this way is, by Eq. (3.58), compatible with b as required in Eq. (3.40). The compatibility condition (3.41) holds by the way in which M Ź pφ Ÿ N q is defined. However, we have to verify that β is indeed a morphism in V B . This follows from naturality of φ applied to TpΨ X,Y q, using Eq. (3.22), and the b-compatibility from Eq. (3.58). Indeed,
Now assume given a morphism of C-bimodules F : V Ñ W. We can define an induced morphism F B : V B Ñ W B by declaring that an object pV, φq be mapped to the pair pFpV q, φ FpV, where
It follows that φ FpV q satisfies the required tensor compatibility from Eq. (3.58) using that φ itself satisfies this compatibility, and that F is a morphism of bimodules. Functoriality is also readily verified using that the composition of two morphisms of C-bimodules is again a morphism of C-bimodules. Finally, F B is a morphism of B-balanced bimodules as by construction of φ FpV q the diagram FpV Ÿ TXq
The functor thus constructed provides a right 2-adjoint to the functor p´q| C-C of forgetting the B-augmented structure:
Theorem 3.42. Given a B-balanced C-bimodule W and a C-bimodule V, there exists is an isomorphism of categories in Cat
which is natural in W and V.
Proof. Assume given a morphism G : W| C-C Ñ V of C-bimodules. The bimodule W is B-balanced. This means, in particular, that there exists natural isomorphisms β W,X : W Ÿ TpXq Ñ TpXq Ź W for any objects W of W and X of B. In order to construct a morphism of bimodules G B : W Ñ V B we map an object W P W to the pair pGpW q, φ GpW, where φ GpW q " λGpβ W,X qρ´1. Indeed, φ GpW q satisfies the b-compatibility of Eq. (3.58), which follows, under application of naturality of λ, ρ and µ T , from Eq. (3.40) . Functoriality of G B is clear by construction.
Next, we check that G B is a morphism of B-balanced C-bimodule. Indeed, the compatibility of β which makes W a B-balanced C-bimodules with the structural isomorphisms of C as a B-augmented monoidal category imply that φ GpW q satisfies b-compatibility of Eq. (3.58). Conversely, given a morphism of B-balanced bimodules H : W Ñ V B we can restrict to a morphism H| C-C :
Starting with a morphism H : W Ñ V B , we consider p H| C-C q B , which maps an object W to the pair pHpW q, λHpβqρ´1q. But as H is a morphism of B-balanced bimodules, we see that
HpW q¯X , and hence, p H| C-C q B " H. On the other hand, given a morphism G :
This shows the claimed isomorphisms of k-linear categories. It remains to show that the isomorphism of categories in the statement of the theorem are natural in W and V. To this end, let G : W| C-C Ñ V, F : V Ñ V 1 be morphisms of C-bimodules, and H : W Ñ W 1 , G 1 : W 1 Ñ V B be a morphism of B-balanced C-bimodule morphisms. Consider the compositions
We want to show that F B G B " pFGq B and pG 1 Hq| C-C " G 1 | C-C H| C-C . First,
which uses a very similar argument as in the proof of functoriality of p´q B in Proposition 3.41. Further, for a morphism f in W, both sides evaluate to FGpW q. The second equality is clear. This concludes the proof of functoriality, and hence the proof of the theorem, as we observe that the adjunction is Cat c k -enriched, in the sense of [Kel05, Section 1.11], since we have an isomorphism of categories rather than a bijection of sets.
Under the biequivalence from Theorem 3.27, we may reformulate the 2-adjuction as a collection of equivalences of categories
which is natural in W and V. Here, V is a C C op -module and W is a C B C op -module. The module W| B is the restriction of the action along the universal functor B : C C op Ñ C B C op .
As a consequence, we obtain a relationship between the two natural ways to introduce categorical modules over the relative monoidal center Z B pCq presented in Lemma 3.39. Example 3.44. Let B P BiAlgpBq, where B " H-Mod, for H a quasi-triangular Hopf algebra over k. Then C " B-ModpVect k q is a bimodule over B using the induced bimodule structure. It follows that C B is equivalent to the category B-ModpBq.
Example 3.45. Given functors of B-augmented monoidal categories H 1 , H 2 : C Ñ D, we can define the bimodule H 1 C H 2 . A special case is to use the functor triv :" TF : C Ñ C. We call the Z B pCq-module H B pCq :" Hom B C-C pC, reg C triv q the relative Hopf center of C over B. We will see in Example 4.2 how this name is justified by a characterization using Hopf modules as in [Lau15] .
When working with finite multitensor tensor categories [EGNO15, Sections 1.8, 4.1], stronger statements can be derived. It follows that the finite multitensor categories Z B pCq and C B C op are categorically Morita equivalent, in the terminology of [EGNO15, Section 7.12], as their 2-categories of modules are biequivalent. 
Representation-Theoretic Examples
In this section, we apply the general results from the previous section to monoidal categories of representation-theoretic origin. This way, the results of this paper can, in particular, be applied to quantum groups U q pgq for generic q (see Section 4.3) and small quantum groups u pgq (see Section 4.4), where is a root of unity.
4.1. Yetter-Drinfeld Module Tensor Actions. Let B be a braided monoidal category with braiding Ψ. The category B-ModpBq (or B-CoModpBq) of modules (respectively, comodules) over a bialgebra B in B is a monoidal category. Hence, we can again consider (co)algebra objects in this category.
Recall Proposition 3.36 which states that the relative center Z B pCq is equivalent as a braided monoidal category to the category of Yetter-Drinfeld modules B B YDpBq. The constructions in Section 3 lead to the following statement, for which a more direct proof was given in [Lau18, Theorem 2.3]. We give an alternative proof here. 
Proof. We note that the result is a special case of Lemma 3.39, under the equivalence from Proposition 3.36. For this, we consider the category V " A-ModpBq. Note that these are not modules in B-CoModpBq. We now give V a B-balanced C-bimodule structure. First, there is the trivial right action, just given by tensoring in B, with the A-action given on the A-module factor (the first tensor factor) only. Second, we can obtain a left action of C on V as follows: Given a left A-module pV, Ź V q and a left B-module pW, Ź W q, we can define a left A-module structure on W b V using the A-action Tensor compatibility in C implies that δ makes V a B-comodule. Now, using that φ is a B-balanced natural transformation, we find that V is indeed an object in A-ModpB-CoModpBqq. This follows using the fact that δ is a morphism of A-modules, with the induced A-module structure on B b V . Up to isomorphism, φ can be recovered from δ using that for any B-module W , the B-action is a morphism of B-modules B b W triv Ñ W . Now, using b-compatibility, and that c W triv " TpΨ V,W q we see that
We observe that the underlying B-comodule structure in the above categorical action of the center is given by the monoidal structure in B-CoModpBq, where the A-action is a generalization of the induced action (which is recovered in the case where H " k was simply a field and B " Vect k ). Hence the result of Theorem 4.1 can be interpreted as a natural generalization of the induced action to comodule algebras, which requires the use of the monoidal center as the category B-CoModpBq does not act on A-ModpB-CoModpBqq in a similar, non-trivial way. In [Lau15] , the category of Hopf modules is described by a general categorical construction, called the Hopf center. The result of a categorical action of the monoidal (or Drinfeld center) on the Hopf center is hence a special case of Theorem 4.1. Such a result was first proved in [Lu94] in the case of finite-dimensional Hopf algebras over a field k.
(ii) We can also view B as a comodule algebra B triv with respect to the trivial coaction (via the counit ε) on itself. In this case, the category B triv -ModpB-ModpBqq consist of simultaneous left B-modules and comodules such that the structures commute, i.e. an object pV, Ź, δq with action Ź and coaction δ satisfying 4.2. Applications to Braided Drinfeld Doubles. In this section, apply the results of this paper to categories of modules over braided Drinfeld doubles, and explain connections to the construction of comodule algebras and 2-cocycles over these double from [Lau18] . For this, let B " H-Mod for a quasi-triangular k-Hopf algebra H throughout this section.
To define the braided Drinfeld double Drin H pC, Bq (due to [Maj00, Maj99] , where this construction is called the double bosonization), we let B and C be braided bialgebras B with a non-degenerate Hopf algebra pairing ev : C b B Ñ k. Then Drin H pC, Bq is a Hopf algebra such that there is a fully faithful monoidal functor C´lf to the category of modules with locally finite C-action, i.e. modules V where dimpC Ź vq ă 8 for any v P V . In the case where H " k, and B is a finite-dimensional Hopf algebra with C " B˚the dual Hopf algebra, this recovers a version of the quantum double DrinpBq of [Dri86] , and B B YD » DrinpBq-Mod is an equivalence of braided monoidal categories (see e.g. [Kas95, Section IX.5] for a direct proof).
In the finite-dimensional case, Theorem 3.27 and Corollary 3.46 provide a new characterization of categorical modules. For this, we use the superscript fd to restrict to finite-dimensional objects. C´lf . If B is a finite-dimensional Hopf algebra in B and B˚its dual, then this bifunctor is a biequivalence, i.e. the categories Drin H pB˚, Bq-Mod fd and B-Mod fd -BpBq are categorically Morita equivalent.
We can further described B-Mod-BpBq as modules over a Hopf algebra.
Definition 4.5. Let B be a Hopf algebra in B. We can define a Hopf algebra structure on B`b H b B´, where B`and B´are two copies of the algebra B. The algebra structure is given by requiring that B`, B´, and H are subalgebras, such that bd " pR p2q Ź dqpR p1q Ź bq, hb " ph p1q Ź bqh p2q , hd " ph p1q Ź dqh p2q , (4.10) for b P B`, d P B´, and h P H. The coproduct is given on generators by The antipode S is given by
The resulting Hopf algebra is denoted by pB b
cop Bq H.
He note that if B is a self-dual Hopf algebra in B (for example, a Nichols algebra [AS02] ), then pB b
cop Bq H has the same coalgebra structure as Drin H pC, Bq, but the algebra structure is easier. 
for v P V , b P B`, c P B´, and h P H. We note that the right action of B´is obtained from the left B action through the functor Φ´1 in Lemma 3.19.
Further, the results of this paper relate to the constructions of comodule algebras over the braided Drinfeld double in [Lau18] . Let A be a left B-comodule algebra in B " H-Mod. It was shown in [Lau18, Corollary 3.8] that the braided crossed product A cop C H is a Drin H pC, Bq-comodule algebra. Therefore, there is a categorical action of Drin H pC, Bq-Mod on A cop C H-Mod, such that the fully faithful functor (obtained by using the pairing ev) It follows that if an algebra A is a 2-cocycle twist of the bialgebra B in B by a cocycle τ , then A cop C H is a 2-cocycle twist by Ind B pτ q, cf. [Lau15, Proposition 3.8.4]. As a special case, Heis H pC, Bq is a 2-cocycle twist of Drin H pC, Bq by the 2-cocycle Ind B ptrivq for the trivial 2-cocycle of B. This result generalizes the theorem from [Lu94] for finite-dimensional k-Hopf algebras.
4.3. Applications to Generic Quantum Groups. The construction of Z B pCq is motivated by the representation theory of quantum groups U q pgq as discussed in the introduction, see Section 1.2. We will discuss first applications to this setup. A more detailed study of representation-theoretic applications in this important example will appear elsewhere.
For this section, denote by F the field kpqq for a generic variable q over k. Following Lusztig [Lus10] fix a Cartan datum I. That is, a finite index set I together with a symmetric bilinear formö n the free abelian group L :" ZxIy " Zxg i | i P Iy, such that i¨i is even, and a ij :" 2 i¨j i¨i P Z ď0 , for all i ‰ j. We can use this datum to define a dual R-matrix on the category L-CoMod by Rpg i , g j q " q i¨j . The braided monoidal category thus obtained is denoted by L-CoMod q .
We now define E :" Fxe i | i P Iy to be the left L-comodule where δpe i q " g i b e i , and F :" Fxf i | i P Iy the left dual L-comodule, i.e. δpf i q " g´1 i b f i . A duality pairing can be given by
where q i :" q i¨i{2 . Using the dual R-matrix, E and F become dually paired Yetter-Drinfeld modules over the lattice L. The L-actions are given by
Hence, we can consider the Nichols algebras (or Nichols-Woronowicz algebras) U q pn`q :" BpEq, U q pn´q :" BpF q. See e.g [AS02] for details on this construction. We note that U q pn`q and U q pn´q are dually paired braided Hopf algebras in L-CoMod q which are primitively generated. That is,
The pairing of the braided Hopf algebra is the unique extension ev of the pairing of E and F to one of braided Hopf algebras (see [Lus10, Proposition 1.2.3]). It is a theorem of [Maj99] that there exists an isomorphism of Hopf algebras between Drin H pU q pn´q, U q pn`qq and U q pgq, where g denotes the semi-simple Lie algebra corresponding to the Cartan datum I, and H " U q ptq is a group algebra generated by K i for i P I (cf. also [Lau18, Theorem 3.25]).
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Here, we use the following version of the quantum group U q pgq. The algebra U q pgq is generated by E i , F i , K˘1 i , for i P I, subject to relations
for i ‰ j P I. Here,`n m˘q " rnsq! rmsq!rn´msq! , for n ě m, where rns q "
. We use the coproduct Theorem 4.7. Let B " L-CoMod q and C " U q pn´q-ModpBq. Then the category Z B pCq is equivalent to the full subcategory of U q pgq-modules V s.t.
(i) V is a weight module, i.e. V " À iPL V i , where K j¨vi " q i¨j v i for any v i P V i ; (ii) V is locally finite over U q pn`q, i.e. dimpU q pn`q¨vq ă 8 for any v P V . That is, V is a U q pn`q-locally finite weight module over U q pgq. We denote the full subcategory of U q pgq-Mod of such modules by U q pgq-Mod Uqpn`q´lfw .
Proof. Recall that Z B pCq » Uqpn´q Uqpn´q YDpBq by Proposition 3.36. Given a Yetter-Drinfeld module over U q pn´q with action f i¨v , and coaction δpvq " v p´1q b v p0q for v P V , we define a U q pgq action by
where v Þ Ñ |v| b v is the L-grading of V . The action of F i is locally finite by construction. One checks that this action preserves the quantum group relations. Further, any morphism in
Uqpn´q
Uqpn´q YDpBq is a morphism of the corresponding U q pgq-module. As the pairing is non-degenerate, any U q pn`q-locally finite U q pgq-module, with action of the K i induced by an L-grading, arises this way. This uses that the dual R-matrix of kL induces a non-generate Hopf algebra pairing of kL with the group algebra K generated by the K i (using that q is generic).
Note that the above conditions on U q pgq modules are two out of the three conditions used to define the category O q for quantum groups in [AM15] . Modules in Z B pCq are not necessarily finitely generated. Note that, however, unlike Z B pCq, O q is not a monoidal category as the requirement of finite generation is not stable under taking tensor products over F.
The category C B C op is, by Proposition 3.11 and Example 3.23, equivalent as a monoidal category to U q pn´q-Mod-U q pn´qpL-CoMod. This category can be identified as the category T q pgq-Mod w of weight modules (that is, modules satisfying condition (i) from Theorem 4.7) over the following Hopf algebra:
Definition 4.8. Consider the Hopf algebra T q pgq generated by x i , y i , K i , K´1 i for i P I, subject to the relations with coproducts defined on generators by
It was shown in [Mas08, Example 5.4] that U q pgq is related to a version of T q pgq via so-called Doi twist. That is, a two-sided twist of the algebra structure by a 2-cocycle.
The constructions of this paper, see Section 3.6, imply that given a categorical module over T q pgq-Mod w of weight modules over T q pgq, we can construct a categorical module over the category U q pgq-Mod Uqpn`q´lfw . Further, this constructions is bifunctorial.
4.4.
Applications to Small Quantum Groups. In this section, we explain how to obtain the small quantum group u pgq as a braided Drinfeld double, and apply the results of this paper to this example as a main application. Let pI,¨q be a Cartan datum (as in the previous section) which is assumed to be of finite type. Denote the associated Lie algebra by g. Assume that k is a field of characteristic zero and P k a primitive l-th root of unity, where l ě 3 is an odd integer (assume that l is coprime to 3 if g contains a G 2 -factor). Note that 2 is also a primitive l-th root of unity. We set i :" i¨i{2 .
Let K " xk 1 , . . . , k n y be the abelian group generated by k i such that k l i " 1. Consider the group algebra kK as a quasi-triangular Hopf algebra with universal R-matrix given by
Similarly to Section 4.3, we can define a kK-module E " kxe i | i P Iy, with action given by k i Ź e j " i¨j e j . The universal R-matrix induces a coaction on E given by
Consider the dual kK-module F " kxf i | i P Iy, with action given by k i Ź f j " ´i¨j f j . Following [Lus10] , the pairing x , y : E b F Ñ k, xf i , e j y " δ i,j p i´ ´1 i q´1 uniquely extends to a pairing ev : T pEq b T pF q ÝÑ k. of primitively generated Hopf algebras in K-Mod q . The quotients by the left and right radical of the pairing ev yields braided Hopf algebras BpEq, BpF q, so-called Nichols algebras [AS02] , such that the induced non-degenerated pairing ev on BpEq b BpF q is one of Hopf algebras. It is well-known, see e.g. [AS00, Section 3], that BpEq can be identified with u pn`q, and BpF q with u pn´q. In addition to the quantum Serre relations of Eq. (4.17), with e i , f i , i instead of E i , F j , q i , these algebras satisfy the nilpotency relations e l i " 0, f l i " 0, for all i P I. The following theorem is derived similarly to [Lau18, Theorem 3.25]. Details on the version of the small quantum group u pgq (in the De Concini-Kac-Procesi form) used here can be found in [BG02, Chapter III.6].
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Theorem 4.9. There is an isomorphism of Hopf algebras between Drin kK pBpEq, BpFand u pgq.
Proof. The braided Drinfeld double is the Hopf algebra generated by e i , f i , k˘1 i subject to the relations
with coproducts given by
One now checks that the mapping φpk i q " K i , φpe i q " K´1 i E i , φpf i q " F i extends to an isomorphism of Hopf algebras φ : Drin kK pBpEq, BpFÑ u pgq.
Corollary 4.10. Denote B " K-Mod and C " u pn´q-ModpBq. Then there is an equivalence of monoidal categories between Z B pCq and u pgq-Mod.
We can now apply Theorem 3.46 to the B-augmented monoidal category C " u pn´q-Mod fd pBq.
Corollary 4.11. The monoidal categories u pgq-Mod fd and C B C op are categorically Morita equivalent. The latter category is equivalent as a monoidal category to u pn´q-Mod fd -u pn´qpBq.
Definition 4.12. Denote by t pgq the algebra generated by x i , k i , y i for i P I, subject to the relations obtained from Eqs. and Hopf algebra structure given using the same coproduct formulas as in Eq. (4.21).
Corollary 4.13. The monoidal categories C B C op and t pgq-Mod are equivalent.
Appendix A. Existence of Relative Tensor Products
Proof of Theorem 3.6. We prove the theorem in two steps. First, we show the existence of a k-linear category V b C W, which is then completed under finite colimits to give V C W.
In the first step, we work in the 2-category of small k-linear categories Cat k . That is, we do not require the existence of finite colimits (or biproducts) at this stage. The 2-category Cat k is cartesian closed, with tensor product b and cocomplete (see [Wol74] ) as it is the category of Vect k -categories. We also require the existence of conical pseudo-colimits in Cat k (see [Kel89, Section 5]). Indeed, it was shown in [Str76] that such conical pseudo-colimits reduce to indexed colimits, and hence exist.
We fix some notation. Denote by D the 2-category described by D :"´1 Given a right C-module V and a left C-module W, we can define a strict 2-functor Γ : D Ñ Cat k by the diagram
where by slight abuse of notation, r 1 , l 1 , r 2 , l 2 and m also denote their images under Γ. In short, the relative tensor product V b C W of a right C-module V and a left C-module W can be defined as the (conical) pseudo-colimit (see [Kel89, Eq. (5.7)]) over Γ in Cat k which exists by the above considerations.
We shall now spell out the data and universal properties involved in the definition of V b C W in detail. Let D be a k-linear category and assume the existence of a diagram Together with modifications, the pseudo 2-natural transformations I ùñ Fun k pΓp´q, Dq form a k-enriched category, which we denote by coCone k pΓ, Dq. That is, coCone k pΓ, Dq has diagrams of the form (A.1) as objects. Given two such diagram, where in the second one the functors and natural isomorphisms are equipped with a dash, e.g. F 1 1 , ρ 1 r 1 , a morphisms in coCone k pΓ, Dq consists of natural transformations µ i : F i ùñ F 1 i , such that the following diagrams commute (for i " 1, 2): An object of coCone k pΓ, Dq already comes with a functor F :" F 3 : V b W Ñ D, and a C-balancing isomorphism can be defined using η :" ρ r 2 ρ´1 l 2 . We need to verify the coherence diagram (3.16). This follows from commutativity of the diagram Assume given a C-balanced functor F with balancing isomorphism η, we define F 3 " F, F 2 " Fpl 2 q, F 3 " Fppl 2˝0 Id l 1 ql 1 q, ρ l 2 " Id, ρ r 2 " η, ρ m " Fpξ´1 b Idq, ρ l 1 " Id, ρ r 1 " η˝0 Id l 1 .
Equation (
A.2) follows as it is an equality by definition, and Equation (A.3) follows from Equation (3.16) for the balancing isomorphism η, while Equation (A.4) is just the invertibility condition of FpξbIdq. Thus, we obtain an object in coCone k pΓ, Dq. Next, giving a morphism φ : pF, ηq ñ pF 1 , η 1 q of C-balanced functors, we define µ 1 " φ, µ 2 " φ˝0 Id l 2 , µ 3 " φ˝0 Id pl 2˝0 Idql 1 .
It is clear that the diagrams in (A.5) commute. For r 1 , l 1 , r 2 , l 2 this follows from compatibility of η and the identities with φ, while for m this follows from the compatibility of φ with the C-module structure of V. This assignment is clearly k-linear and functorial, providing a functor Ω as required. Next, we show that Υ, Ω give an equivalence of categories. It is clear that ΥΩ -Id. We apply ΩΥ to an object pF, ρq of coCone k pΓ, Dq and denote the image by pF, ρq. Then we define an isomorphism µ : pF, ρq Ñ pF, ρq by µ 1 " pρ l 2˝0 Id l 1 qρ l 1 , µ 2 " ρ l 2 , µ 3 " Id .
It is then readily verified that all diagrams in Eq. (A.5) commute, using that F 3 " F 3 , F 2 " F 3 pl 2 q, F 3 " F 3 ppl 2˝0 Id l 1 ql 1 q, ρ l 1 " Id, ρ l 2 " Id, ρ r 2 " ρ r 2 ρ´1 l 2 , ρ m " F 3 pξ´1 b Idq, ρ r 1 " ρ r 2 ρ´1 l 2˝0 Id l 1 . Indeed, since V W has finite coproducts, there exists a functor T
making the diagram commute. Now, given a C-balanced functor F : V W Ñ D, we can restrict to a C-balanced functor F 1 " Fι : V b W Ñ D which, under equivalence, corresponds to a functor G 1 : V b C W Ñ D such that F 1 " G 1 T 1 . Such a functor extends to a functor G : V C W Ñ D such that G 1 " Gι C , and hence F 1 " Gι C T 1 " GTι, and thus F -GT. This way, we obtain an equivalence induced by the functor T. Since V C W is defined using two universal properties which satisfy naturality, it is natural in both components V and W.
Note that given an equivalence, after choosing an inverse equivalence with the required natural isomorphisms, these can be altered to obtain an adjoint equivalence [Mac71, Section IV.4].
